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Abstract 
Experiments on fluid systems in micro-/nano-scale solid conveyors have shown a violation of the no-
slip assumption that have been adopted by the classical fluid mechanics. To correct this mechanics for 
the fluid slip, various approaches have been proposed to determine the slip boundary conditions. 
However, these approaches have revealed contradictory results for a variety of systems, and a debate 
on the mechanisms and the conditions of the fluid slip/no-slip past solid surfaces is sustained for a long 
time. In this paper, we establish the hybrid continuum-molecular modeling (HCMM) as a general 
approach of modeling the fluid slip flow under the influence of excess fluid-solid molecular 
interactions. This modeling approach postulates that fluids flow over solid surfaces with/without slip 
depending on the difference between the applied impulse on the fluid and a drag due to the excess fluid-
solid molecular interactions. In the HCMM, the Navier-Stokes equations are corrected for the excess 
fluid-solid interactions. Measures of the fluid-solid interactions are incorporated into the fluid’s 
viscosity. We demonstrate that the correction of the fluid mechanics by the slip boundary conditions is 
not an accurate approach, as the fluid-solid interactions would impact the fluid internally. To show the 
effectiveness of the proposed HCMM, it is implemented for water flow in nanotubes. The HCMM is 
validated by an extensive comparison with over 90 cases of experiments and molecular dynamics 
simulations of different fluid systems. We foresee that the hybrid continuum-molecular modeling of 
the fluid slip flow will find many important implementations in fluid mechanics.  
 
Keywords: hybrid continuum-molecular modeling; slip flow; paradoxes; nanofluidics; fluid-solid 
interactions. 
 
1. Introduction  
The majority of problems of fluid mechanics are concerned with solving the Navier-Stokes equations 
for the fluid system. The validity of these equations to solve a long list of simple and complex problems 
of fluid mechanics have been experimentally proved. However, problems that can be solved by Navier-
Stokes equations postulate no-slip and no-interaction of the fluid system with the solid surface. Recently, 
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experiments on fluid systems in micro-/nano-scale solid conveyors have shown violation of the no-slip 
assumption, and it has been apparently shown that the Navier-Stokes equations incorrectly represent the 
mechanics of such fluid systems1–13. For example, the fluid flow rates in nanostructures, e.g., nanotubes 
and nanochannels, were observed with extremely higher values than usual2,6,8. This has been attributed 
to the molecular interactions between the fluid molecules and the molecules of the solid surface14–18. 
These excess interactions motivate the fluid slip over the solid surface and anomalous fluid flow.  
With the aim to correct the Navier-Stokes equations for the fluid slip, various approaches have been 
proposed to determine the slip boundary conditions. Experimental and molecular dynamics approaches 
have been used to determine the slip length, which is the distance behind the fluid-solid interface at 
which the fluid velocity extrapolates to zero19. This has been calculated for the experimental 
measurements of the dynamic drainage force at different distances from the solid surface19–21 and the 
experimental measurements of the flow profile near the fluid-solid interface2,8,19. However, these efforts 
have revealed contradictory results for a variety of systems, and a debate on the exact value of the slip 
length is sustained for a long time14,19,22,23.  
The debate on describing the nature of boundary conditions at the fluid-solid interface can be dated 
back to the 19th century where the pioneers of the current form of the fluid mechanics have expressed 
different opinions on this matter24,25. Thus, various hypotheses were proposed to describe the fluid slip 
over solid surfaces26. One hypothesis suggested that the fluid layer that is in contact with the solid surface 
exhibits no motion relative to it, and one portion of the fluid slips past the fluid portion adjacent to the 
solid surface27. Another hypothesis came to suggest that the few fluid layers adjacent to the solid surface 
are strongly held to it by molecular interactions28. According to the latter hypothesis, the slip would take 
place either directly at the solid surface or internal between one fluid portion past the other.  
With the development of the surface force apparatus and atomic force microscopy, the experimental 
nanoscale probing of the fluid characteristics became possible, and it has been used to demonstrate the 
first hypothesis that suggests no-slip boundary conditions for fluids near hydrophilic surfaces, e.g., 
mica29,30. However, recent experimental studies that used other techniques have reported cases of fluid 
slip past solid surfaces2,6–8. These new studies indicated that the second hypothesis is more applicable, 
and the slippage of the fluid is more likely to be dependent on the molecular interactions of the fluid 
particles with the solid particles. However, many mechanisms that impact the fluid flow are still 
unresolved by these two simple hypotheses. 
Here, we propose a hypothesis that fully describes the mechanisms by which the fluid interacts with 
solid surfaces and exhibits slip/no-slip past these surfaces. Based on this hypothesis, we evaluate the 
various models of the slip boundary conditions. We demonstrate that the correction of the classical fluid 
models for the fluid slip by the slip boundary conditions is not an accurate approach. This approach 
breaks down for fluid systems that involve high fluid-solid molecular interactions, e.g., fluids in 
nanostructures.  
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In addition, we establish the hybrid continuum-molecular modeling as a general approach of 
modeling the fluid slip flow under the influence of excess fluid-solid molecular interactions. In the 
context of this approach, the Navier-Stokes equations are corrected for the excess fluid-solid interactions 
by incorporating measures of these interactions into the fluid’s viscosity. The hybrid continuum-
molecular modeling is an effective approach, as it permits the implementation of the conventional no-
slip boundary conditions. To show the applicability of this approach, a hybrid-continuum molecular 
model of water flow in nanotubes is developed. This model is validated by a comparison with over 90 
cases of experiments and molecular dynamics simulations of different fluid systems.  
 
2. Fluid-Solid Interface: Mechanisms of Slip/No-Slip  
In this section, a new hypothesis that fully describes the mechanisms by which the fluid approaches 
and flows over solid surfaces with/without slip is proposed. This hypothesis depends on breaking the 
fluid into a set of layers (Fig. 1). Each layer is linked to the solid surface by a molecular attraction force. 
The strength of this force depends on the location of the fluid layer from the solid surface. It is maximum 
at the first fluid layer and decreases for the other fluid layers. When the fluid is subjected to a driving 
force, all layers are subjected to the same impulse. If the impulse given to the fluid layer by the driving 
force is higher than the dragging-impulse (or drag) associated with the fluid-solid molecular attraction 
of this layer, the fluid layer apparently moves with respect to the solid surface with a momentum that 
depends on the difference between the two impulses. However, if the applied impulse is lower than the 
drag associated with the fluid-solid attraction, the fluid layer exhibits no-motion with respect to the solid 
surface. The fluid slips over the solid surface if the momentum given to the first fluid layer (or the 
impulse acting on the first fluid layer) is higher than the drag due to the fluid-solid attraction, and the 
slip velocity depends on the difference between the applied impulse and the drag. 
The fluid approaches the solid surface with no direct contact. Instead, a very thin region that separates 
the first fluid layer and the solid surface may exist. This region is commonly known as the depletion 
region16,18,31–35. The thickness of this region depends on the wettability of the surface18,34. If the solid 
surface is hydrophobic, the fluid-surface interactions are repulsive forces at the surface, and the fluid 
particles are pushed away from the solid surface forming the depletion region. The pushed fluid particles 
accumulate the first fluid layer (may accumulate the other subsequent layers too) after the depletion 
region (Fig. 1). This increases the fluid density at this layer. Under the same momentum, the increase in 
the density of the fluid layer decreases its velocity. For hydrophilic solid surfaces, the depletion layer 
may vanish, and the fluid particles would be in a direct contact with the solid surface. The direct contact 
to the solid surface does not guarantee no-slip of the first fluid layer past the solid surface. This mainly 
depends on the applied impulse relative to the drag due to the fluid-solid attraction.  
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 Figure 1: Hypothesis of Fluid Slip over Solid Surfaces. The fluid is represented as a set of layers, which are subjected to the same applied impulse. Each fluid layer is linked to the solid surface by fluid-solid attraction forces, which produce a drag to the fluid layer flow. The fluid layers slip with respect to the solid surface as well as to each other. The slip of a fluid layer depends on the difference between the applied impulse and the drag.   
Based on the proposed hypothesis, the first fluid layer (and probably the few subsequent layers) 
would exhibit no-slip if the applied impulse does not be able to move this dense layer and/or does not 
be able to outweigh the drag due to the attraction between this fluid layer and the solid surface. At the 
subsequent layers, however, the strength of the attraction force and the density decrease, and the applied 
impulse would be big enough to push these fluid layers to move with respect to the solid surface. The 
fluid layers far from the solid surface are of lower densities and weakly held to the solid surface, and, 
therefore, these layers would exhibit a plug flow (Fig. 1). This indicates that the few fluid layers near 
the solid surface are generally dragged with either slip or no-slip with respect to the solid surface.  
 
3. Paradoxes of the Slip Boundary Conditions  
The recent observations of the fluid slip past solid surfaces motivated many scholars who reported 
the slip length that can characteristically describe the fluid slip at the solid boundary. The reported values 
of the slip length, ܮ௦, depended on Navier’s linear boundary condition26,36: 
ݒ௦ = ܮ௦ܖ ∙ ሺ1 − ܖܖሻ ∙ ሺ∇ܞ + ሺ∇ܞሻ்ሻ (1) 
where ܞ is the velocity vector, and ݒ௦ is the component of the fluid velocity tangent to the solid surface 
(the slip velocity). ܖ is the unit normal vector to the solid surface.  
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(a)  
 (b) 
 Figure 2: A review of the slip length values determined by experiments (EXP) and molecular dynamics (MD) of various water systems. (a) The slip length of water in carbon nanotubes (CNTs) versus the nanotube diameter. (b) The slip length of water on various flat surfaces and water in various nanotubes (NT) versus the characteristic size of water confinement.   
The Navier’s linear boundary condition (Eq. (1)) has been implemented in various experimental 
methods (reviewed in26) and molecular dynamics simulations that reported the slip length of different 
fluid systems. However, this boundary condition does not hold in all fluid systems. This model ignores 
one essential measure, which is the cause of the fluid slip. According to the proposed hypothesis, the 
fluid slip mainly depends on the fluid-solid interactions. Nonetheless, these interactions are totally 
disregarded by the slip length model in Eq. (1). The issue that resulted in a growing debate on the exact 
value of the slip length14,19,22,23. High discrepancies between the reported values of the slip length in the 
literature can be observed. With the aim to reveal the reasons that have led to these discrepancies, we 
reviewed in Fig. 2 the values of the slip length of various fluid systems reported in the literature.  
Slip
 Len
gth 
(nm
)
100 105Characteristic Size (nm)
10-5
100
105 Chiavazzo et al. 2014 (MD) (SiO2 & Fe3O4 NT)Milischuck & Ladanyi 2011 (MD) (SiO2 NT)Joseph & Aluru 2008 (MD) (Si NT)Leng et al. 2006 (MD) (Mica Channel)Secchi et al. 2016 (EXP) (Boron Nitride NT)Holt et al. 2006 (EXP) (Polycarbonate)Choi et al. 2003 (EXP) (Silicon Channels W/WT Coating)Tretheway & Meinhart 2002 (EXP) (Glass Channels W/WT Coating)Joseph & Tabeling 2005 (EXP) (Glass Channels W/WT Coating)Lumma et al. 2003 (EXP) (Mica Channel)Lumma et al. 2003 (EXP) (Glass Channel)Falk et al. 2010 (MD) (Graphene Surface)Koumoitsakos et al. 2003 (MD) (Graphene Surface)Thomas et al. 2008 (MD) (Graphene Surface)Falk et al. 2011 (MD) (Graphene Surface)Babu & Sathian 2011 (MD) (Graphene Surface)Xiong et al. 2011 (MD) (Graphene Surface)Gu et al. 2011 (MD) (Graphene Surface)Myers 2011 (MD) (Graphene Surface)Kotsalis 2006 (MD) (Graphene Surface)Cottin-Bizonne et al. 2002 (EXP) (Glass W Octadecyltrichlorosilane Coating Channel)Zhu & Granick 2001, 2002 (EXP) (Mica Surfaces with different Coatings)Henry et al. 2004 (EXP) (Silicon/Mica Surfaces)Schnell 1959 (EXP) (Glass with Dimethyldichlorosilane Coating)Maali et al. 2008 (EXP) (Graphene Surface)Churaev et al. 1984 (EXP) (Quartz Surface)Qin et al. 2011 (EXP) (Graphene Surface)
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The experimental debate on the exact value of the slip length is evidenced by noticing the wide 
spectrum of the slip length values reported by the different experimental methods (Fig. 2). The early 
experimental methods of probing the fluid properties and its flow characteristics near flat surfaces 
proved the no-slip of water on mica and glass hydrophilic flat surfaces29,30,37. Nonetheless, high slip 
lengths of 1000 nm5 and 2500 nm3,13,21 were also experimentally reported when the wettability of these 
surfaces were altered by coatings. In addition, the slip length of water on graphene6,38 and quartz39 flat 
surfaces was reported by 10 nm and 30 nm, respectively. Despite the changes in the surface wettability 
are not expected to reflect significantly contradictory values of the slip length, these experiments 
exhibited paradoxical results.  
Because probing the fluid characteristics in micro/nano-channels and nanotubes is challenging, 
experiments on fluids in these nanostructures depended on measuring the fluid flow characteristics by 
collecting the fluid’s permeate2,8 or tracing the fluid’s flow by means of field effect transistors6. These 
experimental techniques also gave discrepancies in the reported slip conditions. For instance, the slip 
length of water in silicon microchannels of 1 − 2 μm depth was reported by 0 − 10 nm40. The slip was 
slightly increased to 5 − 35 nm  upon coating the silicon surface of the same channels by 
octadecyltrichlorosilane. In one study, a glass microchannel for water revealed no-slip10 while another 
study11 reported slip lengths of 1000 nm and 860 nm for water in glass and mica channels, respectively. 
The slip length for water in octadecyltrichlorosilane coated-glass microchannels was reported by 0 and 
900 nm in two different studies9,10. As for water in carbon nanotubes (CNTs), discrepancies are clearly 
seen in Fig. 1. Majumder et al.8 reported a huge value of the slip length of 39 mm – 68 mm for water in 
7 nm diameter-CNT. Then, Holt et al.7 reported 140 nm and 1400 nm slip length values for 2 nm and 
1.3 nm CNTs, respectively. In addition, slip length values of 26 nm, 8 − 53 nm, and 17 − 300 nm were 
reported for water in CNTs with diameters of 44 − 46 nm , 0.81 − 1.59 nm , and 30 − 100 nm , 
respectively1,2,6.  In contrary, the experiment by Sinha et al.41 gave no-slip of water in 200-300 nm CNTs.  
The slip conditions as reported by the molecular dynamics (MD) simulations are also discrepant. The 
slip length of water on a graphene sheet was reported between 1 nm and 112 nm in various studies32,42–
47. In addition, the slip length of water in CNTs with 1 − 2.71 nm diameters was reported between 2 
nm42 and 500 nm44–1000 nm48.   
3.1. Reasons of paradoxes  
Based on the proposed hypothesis of the fluid flow under the influence of fluid-solid interactions, 
the various models of the fluid slip are evaluated (these models are reviewed in Table 1). Staring with 
the slip length as defined in Eq. (1), this model assumes a linear extrapolation of the velocity profile of 
a fluid with constant viscosity (Fig. 3(a)). The assumed velocity profile by this model has a velocity 
jump at the fluid-solid interface followed by the velocity profile that is usually obtained by the no-slip 
fluid model. Thus, for a fluid flow in a circular tube (for example), the velocity profile is parabolic in 
the fluid core with a velocity jump at the tube wall (Fig. 3(a)). According to Eq. (1), the slip length 
depends on the slope of the velocity at the solid surface, which would vary from zero (for plug-like flow) 
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to ݌ݎ/2ߤ  where ߤ  is the fluid’s viscosity, ݌  is the pressure gradient, and ݎ  is the radial position. 
Consequently, the slip length would vary from zero for the no-slip flow (where ݒ௦ = 0) to infinity for 
the plug-like flow. This explains the wide range of the slip length reported in the literature. However, 
this simple model of the slip length (or even its modified version that depends on the nonlinear 
extrapolation49) fails to reveal the exact mechanisms of the fluid flow and the slip conditions. Because 
of the interactions between the fluid particles and the particles of the solid surface, the actual fluid flow 
is generally anomalous (Fig. 3(b)). For example, the fluid flow in tubes is generally non-parabolic, and 
the velocity profile has a jump at the interface that is followed by a drag at the first fluid layer17 (Fig. 
3(b)) (this can be understood based on the explained hypothesis).  
The slip length in Eq. (1) depends on the slope of the velocity profile at the first fluid layer, 
ሺ∇ܞ + ሺ∇ܞሻ்ሻ. This slope is representative of the slope everywhere within the fluid domain. This is 
acceptable if the fluid is subjected to a constant shear stress where the velocity profile is described by a 
constant slope. However, for cases in which the fluid’s shear stress is non-constant, e.g., fluid flow in 
tubes, the slope of the velocity profile is generally non-constant, as well. Therefore, a modification over 
the slip length model in Eq. (1) was proposed for fluid flow in tubes by considering the parabolic-
nonlinear extrapolation of the velocity profile to calculate the slip length48,49.  
Another drawback of the slip length model in Eq. (1) is that it assumes the fluid with a constant 
viscosity. However, because the strength of the fluid-solid interactions changes from one fluid layer to 
the other, the viscosity is generally non-constant and varies depending on the separation from the solid 
surface16,17. Some models of the slip length that depend on an effective viscosity of the fluid were 
proposed14,32,45. The effective viscosity was calculated by the average of the interfacial viscosity to the 
bulk fluid’s viscosity. Nonetheless, these models are not accurate enough, as they still assume constant 
viscosity of the fluid. These models disregard the spatial variation of the viscosity, which is mainly 
because of the spatial variation of the fluid-solid interactions. In addition, despite some other models 
(Table 1) represented the slip length dependent on the confinement size and/or the wettability of the 
solid surface, these models disregarded the spatial variation of the excess fluid-solid interactions and the 
viscosity. These models assumed a fluid flow, which – in many cases – is not the actual fluid flow under 
the influence of these excess interactions. This what have led to the discussed paradoxes.  
Now, can we develop a slip length model that accounts for the spatial variation of the fluid-solid 
interactions? In fact, this is a challenging task, and – in many cases – it is impossible to derive such a 
model. The slip length being a boundary condition, it depends on the slope of the velocity profile at the 
boundary, and this localized value of the slope is a representative of the slope everywhere. However, 
this is not true, as the slope of the fluid velocity spatially varies due to the fluid-solid interactions. Thus, 
the spatial variation of the velocity slope cannot be captured by a boundary conditions, e.g., the slip 
length. The spatial variation of the velocity slope would require another measure, which reveals the 
influence of the fluid-solid interactions on the fluid’s characteristics. As shown in Fig. 3, the spatial 
variation of the velocity slope can be effectively modeled by a spatially varying viscosity function. This 
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can be understood by the Newton’s law of viscosity that defines the viscosity as the ratio of the applied 
shear stress to the shear rate (or the slope of the velocity). When there is no fluid-solid interaction (Fig. 
3(a)), the shear rate is proportionally related to the applied shear stress, and the constant of 
proportionality is the fluid’s viscosity. However, the proportionality relation between the shear rate and 
the applied shear stress breaks down due to the fluid-solid interactions (Fig. 3(b)).  
Next, we propose an effective model of the fluid slip flow under the influence of the fluid-solid 
interactions that can replace the existing models of the slip boundary conditions.  
 
Table 1: Models of the slip length of fluid in tubes as reported in the literature.  Slip Length Model  Assumptions Ref.  
Eq. (1) - Linear extrapolation. - Constant viscosity of water in nanotube. - The velocity profile has a velocity jump at the interface followed by a parabolic flow (Fig. 2(a)).   
2 
ܮ௦ሺܴሻ = 30 nm + ܥሺ2ܴሻଷ ܥ is a fitting parameter. 
- Linear extrapolation.  - The velocity profile has a velocity jump at the interface followed by a parabolic flow (Fig. 2(a)).  - The slip length is a function of the nanotube radius, ܴ.  - Constant water viscosity within the nanotube. However, an effective water viscosity that depends on the nanotube radius was considered.  - The effective viscosity is the weighted average of an arbitrary assumed interfacial viscosity of ∼0.655 mPa·s and the bulk water viscosity. 
45 
ܮ௦ = ቀߤ଴݇ ቁ ቌ
ݒ௦
ݒ଴ arcsinh ቀݒ௦ݒ଴ቁ
ቍ 
݇  is the dynamic coefficient of friction. ݒ଴  (m/s) is a fitting parameter.  
- Linear extrapolation.  - Constant viscosity of water in nanotube. - The velocity profile has a velocity jump at the interface followed by a parabolic flow (Fig. 2(a)).   - ܮ௦ ≥ 0. 
48 
ܮ௦ሺܴሻ = ߜ ൬ߤூߤ௖ − 1൰ ቈ1 −
3
2
ߜ
ܴ
+ ൬ߜܴ൰
ଶ − 14 ൬
ߜ
ܴ൰
ଷ቉ 
- Linear extrapolation.  - Constant viscosity of water in nanotube. - The velocity profile has a velocity jump at the interface followed by a parabolic flow (Fig. 2(a)).   - The slip length depends on the nanotube radius ܴ , the thickness of the interface ߜ, and the ratio of the interfacial viscosity (ߤூ) to the core viscosity (ߤ௖).  
32 
ܮ௦ሺߠሻ = ܥሺcos ߠ + 1ሻଶ ܥ is a fitting parameter.  ߠ surface contact angle.  
- Linear extrapolation.  - The velocity profile has a velocity jump at the interface followed by a parabolic flow (Fig. 2(a)).   - Constant water viscosity within the nanotube. However, an effective water viscosity that depends on the nanotube radius ܴ was considered.  - The effective viscosity is the weighted average of the interfacial viscosity to the bulk water viscosity. - The interfacial viscosity ( ߤூ ) is related to the surface wettability: ߤூ = ߤ଴ሺ−0.018ߠ + 3.25ሻ - The slip length depends on the surface wettability.  
14 
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(a) 
 
(b) 
 Figure 3: Paradoxes of Slip Boundary Conditions. (a) A model of fluid flow in tube that neglects the fluid-solid interactions. In this model, the fluid is assumed having a constant viscosity ߤ଴  (green diagram), and, therefore, it flows with a parabolic velocity profile ݒሺݎሻ. At the interface, the fluid slips over the solid surface. The sip length is calculated to correct the velocity profile of this fluid model for the velocity jump at the interface. The slip length can be calculated by either the linear extrapolation (as in Eq. (1)) or by the parabolic extrapolation of the velocity profile. The slip length calculated by linear extrapolation overestimates the velocity profile of the fluid in tube. The linear extrapolation gives the slip length considering one slope of the velocity profile, ݀ݒሺݎሻ/݀ݎ (brown), is representative of the fluid flow in the tube. The parabolic extrapolation, however, gives the slip length considering a spatial-linear variation of the slope of the velocity profile, ݀ݒሺݎሻ/݀ݎ (brown). (b) A typical model of a fluid flow in tube that accounts for the fluid-solid interactions. Because of the fluid-solid interactions, the fluid flow is generally non-parabolic, the slope of the velocity profile spatially varies (݀ݒሺݎሻ/݀ݎ, brown), and the viscosity has a radial distribution (ߤሺݎሻ, green). The slip length cannot extrapolate this case because neither the linear nor the parabolic extrapolations can give the same velocity profile. For an accurate representation of the fluid flow of this case, a spatially varying viscosity function, ߤሺݎሻ, should replace the slip boundary conditions.   
4. Hybrid Continuum-Molecular Modeling of Fluid Slip Flow  
The fluid flow near or between solid surfaces mainly depends on the way it interacts with the solid 
surface. The classical models of the fluid mechanics deal with the fluid in isolation of its confining solid 
surfaces. Nonetheless, the practical use of fluids necessitates the use of the fluid in a particular solid 
conveyor. Therefore, the properties and the flow characteristics of fluids should be explored considering 
measures of the fluid-solid interactions. Because the solid is located at and could only impact the fluid 
boundary, the fluid boundary conditions can be modified for the fluid-solid interactions (such as the 
fluid slip boundary conditions). Nonetheless, in many other cases, the fluid-solid interactions would 
exceed the boundary and impact the fluid internally, and the fluid properties are, therefore, altered by 
the fluid-solid interactions.  
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In the preceding sections, we demonstrated that the fluid-solid interactions significantly influence 
the fluid core as well as its boundary. In addition, we demonstrated that the slip boundary conditions 
can only reflect the influence of the fluid-solid interactions at the fluid’s boundary; the issue that have 
led to the paradoxes of the slip boundary conditions. Here, we propose the hybrid continuum-molecular 
modeling (HCMM) as a general approach that can effectively reveal the influence of the fluid-solid 
interactions on the fluid characteristics. In the context of this approach, the fluid is a continuous liquid 
matter that undergoes various forms of polar or non-polar interactions with a solid surface. These 
interactions exceed the fluid boundary to significantly alter the fluid’s properties. The HCMM gives 
more efficient and accurate modeling of the influence of the fluid-solid interactions on the fluid 
mechanics. The HCMM can replace the slip boundary conditions with new measures of the fluid 
properties. The interesting of the HCMM is that it allows the application of the no-slip boundary 
conditions, and, therefore, the paradoxes associated with the slip boundary conditions are avoided.  
The HCMM is developed based on the proposed hypothesis of the fluid flow under the influence of 
fluid-solid attractions. A discrete system of fluid particles is considered. Each fluid particle is subjected 
to a set of local interactions with the other surrounding fluid particles. In addition, the fluid system 
undergoes interactions with a discrete system of solid particles forming the solid surface. Thus, each 
fluid particle is subjected to an excess molecular interaction force with the particles of the solid surface. 
The strength of this excess interaction depends on the distance between the fluid particle and the solid 
particle |ܠ − ܠ௦|, where ܠ and ܠ௦  are the positions of the fluid and the solid particles, respectively. 
Accordingly, the Newtonian dynamic balance of a fluid particle n can be expressed as follows:  
෍ ۴௡௠
ே೘
௠ୀଵ
+ ऐ௡ = ߲߲ݐ ሺ ෝ݉ܞሻ 
෍ ሺܠ × ۴௡௠ሻ
ே೘
௠ୀଵ
+ ሺܠ × ऐ௡ሻ = ܠ × ߲߲ݐ ሺ ෝ݉ܞሻ 
(2) 
where ۴௡௠  is the local interaction force between two fluid particles (n and m). ℱ௡  is the excess 
molecular-interaction force acting on the particle n due to its interaction with the solid surface. ܠ × ۴௡௠ 
and ܠ × ऐ௡ denote moment fields that generate due to the couple of the force fields ۴௡௠ and ऐ௡ acting 
on the fluid particle. ܰ௠ is the number of the fluid particles that surround the particle n. ෝ݉  is the mass 
of the fluid particle, and ܞ is the particles velocity vector. 
The model of the discrete fluid particles can be extended to a fluid medium that occupies a volume 
ߗ and is bounded by a surface ܵ. According to Eq.(2), the continuity, balance of momentum, balance of 
moment of momentum equations can be, respectively, obtained as follows:  
߲
߲ݐ ቌන ෝ݉ఆ
݀ߗቍ = − න ሺસ ∙ ෝ݉ ܞሻ
ఆ
݀ߗ (3) 
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න ۴
ఆ
݀ߗ + න ऐ
ఆ
݀ߗ + න ܂
ௌ
݀ܵ = න ߲߲ݐ ሺ ෝ݉ܞሻఆ
݀ߗ (4) 
නሺܠ × ۴ሻ
ఆ
݀ߗ + නሺܠ × ऐሻ
ఆ
݀ߗ + න ሺܠ × ܂ሻ
ௌ
݀ܵ = න ൭ܠ × ߲߲ݐ ሺ ෝ݉ ܞሻ൱ఆ
݀ߗ (5) 
where ۴ is a vector of the local body forces, which locally act on the fluid particle at point ܠ due to its 
interactions with the surrounding fluid particles and any other local forces (such as gravitational and 
external forces) that would act on the fluid particle. ऐ is a vector of the excess body forces that act on 
the fluid particle at point ܠ due to the interaction of the fluid particle with the particles of the solid 
surface. The body force ऐ represents any kind of polar and non-polar molecular interactions between 
the fluid particle and the solid particle. ܂ is a vector of the fluid’s surface tractions. The surface traction, 
܂, generates various momentum fluxes acting on the fluid including the convective momentum fluxes 
and the molecular momentum fluxes. The viscous momentum flux usually represents the slip of one 
fluid layer past the other layers. In addition to this conventional momentum, a special viscous 
momentum that depends on the fluid-solid interactions is generated. Thus, a part of the applied surface 
traction ܂ is consumed to give the fluid layer a momentum against its attraction to the solid surface (as 
explained in Section 2). To account for the excess momentum due to the fluid-solid interactions, the 
molecular momentum flux tensor is formed depending on two viscous momentum flux tensors, as 
follows:  
܂ = −ሺܖ ∙ ૖ሻ 
with  
૖ = ܲ۷ + ો + ܜ + ߩܞܞ 
(6) 
where ܖ is the unit normal vector, and ۷ is the unit dyadic. ૖ is the combined momentum-flux tensor. ܲ 
is the applied pressure field. ߩ is the mass density of the fluid. 
In Eq.(6), ો  is the conventional viscous stress tensor, which is conjugate to the fluid-fluid 
interactions. ܜ is a new viscous stress tensor that is conjugate to the fluid-solid interactions. It should be 
noted that the momentum-flux tensor and the viscous stress tensors presented in Eq.(6) are general 
tensors, which can be decomposed into symmetric and skew-symmetric parts. By substituting Eq. (6) 
into Eqs. (3)-(5) and applying the divergence theorem, the continuity and the balance equations of the 
fluid continuum can be written in the form: 
߲
߲ݐ ߩ = −સ ∙ ߩܞ (7) 
߲
߲ݐ ሺߩܞሻ = −સ ∙ ߩܞܞ − સܲ − સ ∙ ો − સ ∙ ܜ + ߩ܏ (8) 
ોෝ + ̂ܜ = 0 (9) 
where the gravitational force, ߩ܏, is introduced as a body force. ોෝ and ̂ܜ are stress vectors with the 
components ߪො௜ = ߳௜௝௞ߪ௝௞ and ̂ݐ௜ = ߳௜௝௞ݐ௝௞, respectively.  
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Equation (9) indicates that the skew-symmetric parts of the viscous stress tensors, ો and ܜ, vanish. 
Thus, the balance equations (Eqs.(8) and (9)) can be rewritten as follows: 
߲
߲ݐ ሺߩܞሻ = −સ ∙ ߩܞܞ − સܲ − સ ∙ ો௦ − સ ∙ ܜ௦ + ߩ܏ (10) 
where the balance equations depend on the symmetric part of the viscous stress tensors, ો௦ =
૚
૛ ൫ો + ો୘൯ and ܜ௦ = ૚૛ ൫ܜ + ܜ୘൯ where the superscript T stands for the transpose.  
It should be mentioned that Eq.(10) represents a modified Navier-Stokes equation for the fluid-solid 
interactions. If the fluid-solid interactions are neglected (i.e., ܜ = ૙), Eq.(10) reduces to the conventional 
Navier-Stokes equation.  
The viscous stress tensors can be expressed based on Newton’s law of viscosity as follows:  
ો௦ = −ߤ଴൫સܞ + ሺસܞሻ୘൯ (11) 
ܜ௦ = −ߤ௦௙ሺܠሻ൫સܞ + ሺસܞሻ୘൯ (12) 
where ߤ଴ denotes the viscosity of the bulk fluid (the conventional viscosity), and ߤ௦௙ is a new viscosity 
that is introduced to model the fluid-solid interactions.  
By combining the two stress tensors ો௦ and ܜ௦ into an equivalent total viscous stress tensor ૌ = ો௦ +
ܜ௦, such that: 
ૌ = −ߤሺܠሻ൫સܞ + ሺસܞሻ୘൯ (13) 
Eq. (10) takes the conventional form of the Navier-Stokes equation:  
߲
߲ݐ ሺߩܞሻ = −સ ∙ ߩܞܞ − સܲ − સ ∙ ૌ + ߩ܏ (14) 
where ߤሺܠሻ = ߤ଴ + ߤ௦௙ሺܠሻ. 
Eq. (14) represents a simply but efficient modification over the conventional Navier-Stokes equation. 
It incorporates a new viscosity of the fluid-solid interactions. According to Eq. (14), the fluid system 
has a viscosity that spatially varies due to the fluid’s interactions with the solid surface. This modified 
Navier-Stokes equation allows the implementation of the no-slip boundary conditions, and the flawed 
slip boundary conditions are skipped.  
Based on the hypothesis that we proposed in Section 2, the viscosity ߤ௦௙ሺܠሻ varies from one fluid 
layer to the other depending on the distance between the fluid layer and the solid surface. This gives 
ߤ௦௙ሺܠሻ a continuous-spatially varying function. Despite this fact, factors such as the wettability of the 
solid surface would make the fluid viscosity at the interfacial region is totally different than its viscosity 
elsewhere. For instance, the fluid particles would be depleted from the interfacial region if the fluid 
approaches a hydrophobic surface16,18,31–34,50,51. In addition, observations of the multiphase structure of 
water in nanotubes have revealed the phase transition into vapor at the interface, ice at the first-few 
water layers, and liquid in the core17,31,52–59. A viscosity function that can be used to describe the 
multiphase structure of the fluid and the possibility of forming a depletion region at the interface is, 
therefore, a piecewise continuous function that distinguishes the interfacial viscosity from the viscosity 
of the fluid elsewhere.  
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Studies have been conducted on the viscosity of fluids that exhibit slip/stick behaviors over solid 
surfaces (these studies are reviewed in Table 2 (also see Ref.60)). It was demonstrated that the fluid 
viscosity strongly depends on the confinement size (if the fluid is confined), the applied shear rate, the 
fluid’s temperature, and the wettability of the solid surface. Different approaches have been adopted to 
determine the fluid viscosity dependent on these factors. In one approach, the fluid viscosity is assumed 
spatially constant, and the effective viscosity is determined by intersecting the conventional model of 
the fluid flow – which assumes no-slip boundary – with the obtained results by MD simulations or 
experimental measurements (see Group 1 in Table 2). In another approach, the fluid interface with the 
solid surface is considered of a distinct-arbitrary assumed viscosity, and the effective viscosity is 
determined by the weighted-average between the interfacial viscosity and the bulk viscosity (ߤ଴) (see 
Group 2 in Table 2). These two approaches, however, cannot determine the spatial variation of the fluid 
viscosity. Other approaches, therefore, have been proposed to give the spatial variation of the viscosity. 
Nonetheless, these methods were limited to fluids over flat surfaces (see Group 3 in Table 2). For 
example, an experimental approach that depends on measuring the fluid’s shear forces generated 
between the tip of the atomic force microscope (AFM) and the fixed surface at different separation 
distances was proposed61,62. The obtained results, when collected, would give a distribution of the 
viscosity as a function of the distance from the flat surface. Another approach of determining the spatial 
variations of water viscosity between two flat surfaces depended on MD simulations63,64.  
 
Table 2: Review of approaches of determining the viscosity of nanoconfined fluids. 
No. Assumptions Method Ref.  
Group 1 1  Water is confined between two mica crystals.   Constant viscosity distribution between the two surfaces.   Effective shear viscosity was determined depending on the frequency of the oscillation and the twist angle between the two surfaces.  
EXP 65 
2  Methane flows in a CNT.  Constant viscosity distribution inside the CNT.   The viscosity was determined by fitting the velocity profiles.  
MD 66 
3  Water flow in nanotube.   Water viscosity is constant in the radial direction within the water core.   A modified Hagen–Poiseuille model with slip boundary conditions was used to determine the viscosity.  
EXP 40 
4  A monolayer of liquid water confined between two surfaces.   An ice layer was formed.   Reported density distributions between the confining surfaces.   No viscosity was reported.  
MD 54 
5  The liquid–vapor phase transition near a weakly attractive surface (hydrophobic pores).   Reported density distributions.   No viscosity was reported. 
MD 31 
6  Nonequilibrium MD simulations of the flow of liquid–vapor water mixtures and mixtures of water and nitrogen inside carbon nanotubes.  Reported density distributions.   No viscosity was reported. 
MD 52 
7  Water nanoconfined between two mica surfaces. MD 67 
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 Viscosity is constant between the mica surfaces.   The viscosity was reported as a function of the shear rate.  8  Water flow in CNTs.  Viscosity has a constant distribution inside the CNT.   Viscosity was reported as a function of the CNT diameter.  
MD 68 
9  Water nanoconfined between two mica surfaces.  Viscosity is constant between the two mica surfaces.   The viscosity was reported as a function of the shear rate. 
EXP 19 
10  Water confined between two hydrophilic surfaces.  By assuming a constant viscosity distribution and based on Feibelman model of a sphere on plate geometry, the effective viscosity was related to the peak of the friction force at the interface.  
EXP 69 
11  Reported the viscoelasticity of a thin film of aqueous NaCl solution confined between mica surfaces.   The effective viscosity was determined depending on the damping constant of the water flow and depending on the effective area of the fringes of equal chromatic order.  
EXP 70 
12  The viscosity of nanometer-thick water films at the interface with an amorphous silica surface was measured.   The viscosity values were obtained from three different measurements.   No viscosity distributions were reported.  
EXP 71 
13  Water flow in CNTs.   Reported viscosity as a function of the nanotube size and a function of the flow rate. 
MD 72 
14  Water flow in CNTs.   Assumed constant viscosity and a plug-like flow.   Fitted the velocity profile.  
MD 73 
15  Bi- and tri-layer water films confined between hydrophilic surfaces.  Density distributions between the surfaces were reported.  No viscosity was reported.   
MD 74,75 
16  Water flow in CNTs.  Reported the variation of the effective viscosity and slip length as a function of the CNT diameter.   The viscosity is constant within water core.  The effective viscosity was assumed a weighted-average of the viscosities in the interface and core regions in the CNT cross section. 
MD 45,49,76 
17  Phase transitions in confined water nanofilms based on density radial distributions.   No viscosity was reported.   
MD 59 
18  Reported radial density distributions.  Did not report viscosity radial distribution.   The viscosity was considered constant within the nanopore.   The viscosity was reported as a function of the temperature.  
MD 77 
Group 2 19  Water flow in CNTs.  Viscosity was calculated based on the Eyring theory.   Variation of effective viscosity with temperature.   Variation of effective viscosity with nanotube diameter. 
MD & Eyring theory.  
42 
20  Water flow in CNTs.  Effective viscosity was reported as function of the temperature and the nanotube size.  
Eyring-MD 
78,79 
21  The viscosity profiles were determined with an interfacial viscosity and a constant core viscosity.   MD 
80 
22  The effective viscosity of the confined water is a weighted average of the viscosities in the interface and bulk-like regions in nanopores.   Also, the viscosity was related to the surface contact angle.  
 14,15 
23  The viscosity at the interface is different than the viscosity at the water core region.  MD 
18 
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 Viscosity within the core is constant.  24  Assumed different interfacial viscosity and core viscosity.   The core viscosity is constant.  Continuum Mechanics 
81 
25  Assumed a spatially averaged value of the viscosity in the nanochannel.  MD 82 Group 3 26  Water on a flat surface.   Density distributions were reported.   Effective viscosity was reported assuming a constant viscosity distribution between the tip and the surface.   The viscosity was reported for different values of the separation between the tip and the distance.  
EXP 61 
27  The viscosity was reported as a function of the separation size between the tip of the AFM and the surface.   Constant viscosity was assumed.   Also, the viscosity was determined as a function of the surface wettability.  
EXP 62 
28  Did not report a viscosity distribution.   The viscosity was reported as a function of the water density, which would give a radial distribution of the water viscosity if intersected with the radial density distribution.  
MD 83 
29  Reported radial density distribution.  Related the viscosity to the size of the CNT.  The viscosity was reported as a function of the water density, which would give a radial distribution of the water viscosity if intersected with the radial density distribution. 
MD 84,85 
30  The variation of the shear viscosity of confined water between two graphene layers. MD 
63 
31  Presented an algorithm for calculating the spatial variation of the shear viscosity and thermal conductivity through an equilibrium solid-liquid interface using the zero-flux version of the boundary fluctuation theory. 
Theory 64 
 
Recently, the author developed an effective approach to determine the spatial variation of the 
viscosity for fluids confined in hydrophobic and hydrophilic nanotubes16,17. Here, we represent this 
approach in a generalized form to determine the viscosity function ߤሺܠሻ = ߤ଴ + ߤ௦௙ሺܠሻ for different 
fluid systems. Therefore, we propose the viscosity in the following form: 
ߤሺ|ܠ − ܠ௦|ሻ = ቊߤூ = ߚ ܸܴܲ⁄                                       0 ≤ |ܠ − ܠ௦| ≤ ߜߤ௖ = ߤ଴൫1 + ߦሺ|ܠ − ܠ௦|ሻ൯                   |ܠ − ܠ௦| > ߜ     (15)  
where |ܠ − ܠ௦| is the distance between the fluid layer and the solid surface, ߜ is the thickness of the 
fluid-solid interface region, VPR is a parameter that is the ratio of the slip velocity at the fluid-solid 
interface to the applied pressure/shear stress gradient that act on the fluid system, ߚ is a geometrical 
parameter, and ߦሺ|ܠ − ܠ௦|ሻ = ߤ௦௙ሺ|ܠ − ܠ௦|ሻ/ߤ଴.   
In Eq. (15), the fluid viscosity at the interface (i.e., interfacial viscosity ߤூ) depends on the geometry 
of the solid surface that confine the fluid and the fluid’s slip velocity over the surface. The VPR 
parameter, which quantifies the slip velocity to the applied pressure/shear stress gradient, can be 
determined by measuring the fluid’s slip velocity over the solid surface for different applied 
pressure/shear stress gradients. The viscosity within the fluid core ߤ௖ (apart from the interface) spatially 
varies depending on the nondimensional function ߦሺ|ܠ − ܠ௦|ሻ . The function ߦሺ|ܠ − ܠ௦|ሻ  can be 
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determined as the ratio of the molecular force of the fluid-solid interaction to the molecular force of the 
fluid-fluid interaction16,17.  
4.1. Application to fluid flow in nanotubes 
To show the applicability of the proposed approach of the HCMM, it is implemented to model the 
fluid flow in nanotubes. Consider the steady state-laminar flow of a fluid in a circular tube of length ܮ 
and radius ܴ . The fluid flows under the influence of a constant pressure gradient, ݌ . Under these 
conditions, the non-zero components of the velocity and the viscous stress are ݒ௭ሺݎሻ  and ߬௥௭ሺݎሻ , 
respectively (assuming the cylindrical coordinates ݎ, ߠ, ݖ). Considering these two non-zero components, 
the Navier-Stokes equation (Eq. (14)) of this system becomes:  
݌ − 1ݎ
݀
݀ݎ ሺݎ߬௥௭ሻ = 0 (16) 
where according to Eq. (13), the viscous stress is expressed in the form: 
߬௥௭ = −ߤሺݎሻ ݀ݒ௭ሺݎሻ݀ݎ  (17) 
where ߤሺݎሻ is the fluid’s viscosity, which radially varies because of the fluid-solid interactions.  
The implementation of a radially distributing viscosity that accounts for the fluid-solid interactions 
allows the application of the conventional no-slip boundary conditions of the considered fluid-tube 
system:  
߬௥௭ሺ0ሻ = finite (18) 
ݒ௭ሺܴሻ = 0 (19) 
A general solution of Eq. (16) can be written in the form: 
߬௥௭ = ݌ ݎ2 +
ܥଵݎ  (20) 
According to the boundary condition (18), ܥଵ = 0 arbitrary. Eq. (17) is then substituted into Eq. (20), 
and the result is solved for the velocity. Accordingly, the velocity is obtained after applying the boundary 
condition (19), as follows: 
ݒ௭ሺݎሻ = ݌2 ቆ൤න
ݎ
ߤሺݎሻ ݀ݎ൨௥ୀோ − න
ݎ
ߤሺݎሻ ݀ݎቇ (21) 
If the fluid-solid interactions are eliminated, Eq. (21) reduces to the velocity function of the 
conventional Hagen-Poiseuille model: 
ݒ௭ு௉ሺݎሻ = ݌4ߤ଴ ሺܴଶ − ݎଶሻ (22) 
This indicates an enhancement in the fluid volume flow rate by a factor ߳: 
߳ = ׬ ݎݒ௭݀ݎ
ோ
଴
׬ ݎݒ௭ு௉݀ݎோ଴ =
2ߤ଴ܴସ ቌܴ ൤න
ݎ
ߤሺݎሻ ݀ݎ൨௥ୀோ − න ൤ݎ න
ݎ
ߤሺݎሻ ݀ݎ൨ ݀ݎ
ோ
଴
ቍ (23) 
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4.1.1. Viscosity calculations: water flow in nanotubes 
The radial variation of the viscosity is determined according to Eq. (15) for water flow in nanotubes. 
The fluid-solid interactions are defined by Lennard-Jones potential (as usually implemented in MD 
simulations18,22,72,73): 
 ߮ሺݎሻ = 4߳௦௙ ൬ቀ ఙೞ೑ோି௥ቁ
ଵଶ − ቀ ఙೞ೑ோି௥ቁ
଺൰ (24) 
where ߪ௦௙ and ߳௦௙ are the constants of Lennard-Jones potential of the fluid-solid interactions.  
The parameters ߚ and VPR of the interfacial viscosity ߤூ  are determined. First, the thickness of the 
interfacial region is defined by ߜ = 1.1224 ߪ௦௙, which is the distance from the solid surface at which 
the fluid–solid interaction force (݀߮ሺݎሻ/݀ݎ) is zero16. Because ߜ is too small, to a great extent, it is 
acceptable to assume a constant viscosity of the interfacial region. Then, the slip velocity at the first 
fluid layer is calculated according to Eq. (21), i.e., ݒ௦ = ݒ௭ሺܴ − ߜሻ, in terms of the interfacial viscosity 
ߤூ, as follows:  
ݒ௦ = ݌ሺܴଶ − ሺܴ − ߜሻଶሻ4ߤூ  (25) 
Comparing Eq. (25) to Eq. (15), the geometrical parameter ߚ is determined by: 
ߚ = ܴଶ − ሺܴ − ߜሻଶ4  (26) 
and the parameter VPR is, then, the ratio of the slip velocity to the applied pressure gradient, i.e., VPR =
ݒ௦/݌.  
The VPR parameter can be determined by a set of experimental measurements or MD simulations 
that can determine the slip velocity as a function of the applied pressure gradient. Thus, the VPR 
parameter is the slope of the ݒ௦ − ݌ relation. Based on observations from the literature and the results 
of experiments and MD simulations 6–8,22,44,45,73,86, the author determined the VPR parameter for water 
flow in hydrophilic and hydrophobic nanotubes16,17. Fig. 4 shows the VPR parameter as a function of 
the nanotube radius ܴ = 0.65 → 15 nm and for different values of the fluid-solid interaction energy 
߳௦௙ = 0.1 → 3 kJ/mol.  
As for the core viscosity, it radially varies according to Eq. (15). The function ߦሺݎሻ is determined as 
the ratio of the molecular force of the fluid-solid interaction (݀߮ሺݎሻ/݀ݎ) to the maximum molecular 
force of the fluid-fluid interaction (2.4߳௙௙/ߪ௙௙)16,17: 
ߦሺݎሻ = − 5߳௦௙ߪ௙௙3߳௙௙ߪ௦௙ ቆ12 ቀ
ߪ௦௙ܴ − ݎቁ
ଵଷ − 6 ቀ ߪ௦௙ܴ − ݎቁ
଻ቇ (27) 
where ߪ௙௙ and ௙߳௙ are the constants of Lennard-Jones potential of the fluid-fluid interactions.  
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Figure 4: The VPR parameter of water flow in nanotubes. It is determined as a function of the nanotube 
radius ܴ for different values of the fluid-solid interaction energy ߳௦௙.  
 
5. Model Verification  
To show the effectiveness of the proposed HCMM to reveal the fluid slip flow, it is tested against 
experimental models and MD simulations of over 90 different cases from the literature. We present in 
Table 3 the results of the proposed HCMM in comparison to the results of the experiments on water 
flow in different nanoporous membranes and different nanotubes1,2,6–8. In addition, we present in Fig. 5 
the results of the proposed HCMM for water flow in different nanotubes in comparison to the results of 
the experiments and MD simulations as reported in Refs.6,22,45,73,87. The proposed model revealed an 
excellent match with the experiments and MD simulations.  
 
Table 3: Flow enhancement factors of water flow in various nanoporous membranes. Comparison between the proposed model and experiments available in the literature.  
Membrane/Nanotube Nanopore/Nanotube Diameter  (nm) Enhancement Factor (߳) Ref.  Experiment  HCMM CNT – Membrane  42 22 4 2 MWCNT – Membrane  7 1120-4073 162 - 2206 8 DWCNT – Membrane  1.3 – 2 713 - 4000 290 - 4280 7 Polycarbonate Membrane  15 3.7 1.61-1.77 7 CNT 0.81 882 793 6 CNT 0.87 662 487 6 CNT 0.98 354 255 6 CNT 1.42 103 75 6 CNT 1.52 59 60 6 CNT 1.59 51 54 6 Boron Nitride NT 46 No slip 0.98 1 Boron Nitride NT 52 No slip 0.95 1  
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(b)  
 
(c)  
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(e)  
 
(f)  
 
Figure 5: Comparison of the results of the proposed model with the results of experiments and MD simulations for water flow in nanotubes. (a) The velocity and the velocity enhancement factor of water flow in CNTs as functions of the nanotube radius in comparison to Qin et al.6. Using an array of field effect transistors, Qin et al. 6 measured the enhancement in the velocity (ratio of the measured velocity to the Hagen–Poiseuille velocity) of water flow on ultra-long CNT of 1330 μm length. Due to an electrical field that is used to flow the water on the CNT, the flow of water is damped over a damping length of 280 μm. To account for the damping effect, an equivalent length of the CNT of 0.025 m is considered in the performed analyses. (b)  Velocity profiles of water flow in CNT, boron nitride nanotube (BNNT), and silicon nanotube (NT with LJ are of Si) in comparison to Joseph and Aluru et 
al.73. The applied pressure gradient is ݌ = 2 ± 0.4 × 10ଵହ Pa/m  and the nanotube radius is ܴ =1.08 nm. The results of the proposed model are represented by solid curves. (c) Velocity profile of water 
flow in a CNT with radius of ܴ = 1.385 nm for an applied pressure gradient of ݌ = 1.24 × 10ଵସ Pa/m in comparison to Thomas and McGaughey45. The results of the proposed model are represented by the solid curve. (d) Slip velocity as a function of the applied pressure gradient for water flow in CNTs. Symbols with error bars and shaded regions refer to the results of the MD simulations by Kannam et al.22 while solid lines are the results of the proposed model. (e) Flow enhancement factor as a function of the CNT radius as obtained by the proposed model (solid curve) in comparison to the results of MD simulations obtained by Kannam et al. 22 (doted curve). (f) Results of the proposed model for water flow in nonpolarized and polarized CNTs in comparison to the results of MD simulations obtained by Majumder and Corry87. Velocity profiles are normalized with respect to the corresponding maximum velocity.  
The majority of the experiments of fluid flow in nanotubes depended on measuring the flow 
characteristics by collecting the fluid’s permeate2,7,8. For instance, by measuring the pressure and the 
permeate of water flow for different imposed flow rates through 76 μm-thick nanoporous membrane 
with 1.07 × 10ଵ଴ #/cmଶ CNTs of 43 ± 3 nm diameters, Whitby et al.2 determined the flow rate per the 
single CNT by ~ሺ0.39 → 2ሻ × 10ିଵଽ mଷ/s. In another experiment, Majumder et al.8 measured the 
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permeability of 34 → 126 μm  – thick nanoporous membranes with 5 × 10ଵ଴ #/cmଶ  multi-walled 
carbon nanotubes of 7 nm diameter, and the flow rate per a single pore was calculated by ~ሺ2 → 3.4ሻ ×
10ିଵଽ mଷ/s . For water flow through 2 → 3 μm  – thick nanoporous membranes with ≤ 0.25 ×
10ଵଶ #/cmଶ double-walled CNTs (DWCNTs) of 1.3 → 2 nm diameters, Holt et al.7 measured the flow 
rate per the single CNT by ~ሺ0.77 → 3ሻ × 10ିଶ଴ mଷ/s. The reported flow rates by these experiments 
were higher than the conventional no-slip flow rates of water in tubes of the same sizes. The factors of 
the flow enhancement as reported by these experiments and others are summarized in Table 3. We 
reconsidered the same experiments using the proposed HCMM, and the results of the HCMM are 
compared to the experimental results in Table 3. The results of the HCMM are in a good agreement with 
these experiments. 
Based on the proposed hypothesis and the HCMM, the water flow in hydrophobic nanotubes is 
characterized by a velocity jump at the interface (Figs. 5(b), 5(c), and 5(f)). This is mainly because the 
water particles are weakly held to the solid surface, and the applied impulse is higher than the drag due 
to the water-solid interactions. Thus, the magnitude of the slip velocity at the interface depends on the 
applied pressure gradient, as it increases due to an increase in the applied pressure gradient (Fig. 5(d)). 
In addition, the slip velocity robustly depends on the strength of the water-solid interactions where it 
decreases as the strength increases (Fig. 5(b)).  
Despite water would experience a slip at the interface with a hydrophobic surface, water flow would 
be significantly inhibited at the first water layers due to high polarized water-solid interactions (Fig. 
5(f)). For instance, water flow in nonpolarized CNTs was obtained with a velocity jump at the interface 
followed by a plug-like flow, as shown in Fig. 5(f). For such a case, water is weakly held to the CNT 
surface because of a low strength of the water-solid interactions (߳ = 1.423 kJ/mol). When polarized 
CNTs were used, water became tightly linked to the CNT, and its flow is dragged at the first water layers 
after the interface. The water drag is sustained for a few layers after the interface, and it is reduced at 
other layers. As the strength of the polarized interaction energy is increased, the slip velocity is decreased 
while the drag at the first water layers is increased, as shown in Fig. 5(f).  
For water flow in CNTs, the factor by which the flow is enhanced increases as the nanotube radius 
decreases (Figs. 5(a) and 5(e)). This size effect is mainly because of the surface wettability of the 
nanotube. The effect of the hydrophobicity of the nanotube increases as its radius decreases, and water 
slip is much promoted as the nanotube radius decreases. These factors make water flow is enhanced 
when confined in nanotubes with small sizes. In addition, these observations indicate that water flow 
converges to the no-slip water flow as the nanotube size increases.  
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(a) 
 
(b) 
 Figure 6: Normalized velocity profiles of water flow in nanotubes (results of the HCMM). The normalized velocity (normalized with respect to the corresponding maximum velocity) versus the nondimensional radial position (ݎ/ܴ) of water flow in nanotubes. The strength of the water-solid interaction is (a) ߳௦௙ = 0.2 kJ/mol and (b) ߳௦௙ = 20 kJ/mol.  
We present in Fig. 6 the evolution of the conventional no-slip nondimensional velocity profile of 
water flow in circular tubes to anomalous nondimensional velocity profiles as the size of the tube 
decreases. The features of the velocity profile strongly depend on the strength of the water-solid 
interactions. Therefore, the results are extracted for ߳௦௙ = 0.2 kJ/mol  and ߳௦௙ = 20 kJ/mol. When 
߳௦௙ = 0.2 kJ/mol, water particles are weakly held to the tube, and the tube surface is hydrophobic. 
Under these weak water-solid interactions, water flow in a nanotube with a radius lower than 25 nm is 
featured with a velocity jump at the interface followed by a nearly-parabolic flow (Fig. 6(a)). The 
magnitude of the slip velocity decreases as the tube radius increases. The velocity profile is identical to 
the no-slip velocity profile when the nanotube radius is 25 nm or higher. When ߳௦௙ = 20 kJ/mol, water 
particles are tightly linked to the tube, and a drag would be observed at the first fluid layers (Fig. 6(b)). 
Under these strong water-solid interactions, water flow in a nanotube with a radius less than 10 nm is 
featured with a velocity jump at the interface, a severe drag at the first fluid layer, and a nearly-parabolic 
flow in the core. The slip velocity vanishes when the nanotube radius is ≥ 10 nm. Nonetheless, the drag 
at the first water layers is sustained for water flow in a nanotube with a radius lower than 300 nm. For 
this case of the strong water-solid interactions, the conventional no-slip flow is obtained for water in a 
tube with a radius ≥ 300 nm. These results indicate that the fluid flow and its slip characteristics 
strongly depend on its interactions with the solid surface. These interactions robustly impact the fluid 
flow in nanostructure such as nano-channels and nanotubes. In other cases, however, the fluid flow is 
conventional and the role of these interactions is negligible.  
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Conclusions  
We demonstrated that the excess molecular interactions between the fluid particles and the solid 
particles would significantly influence the fluid core as well as its boundary. This makes the correction 
of the classical fluid mechanics for the fluid slip by the slip boundary conditions is not an accurate 
approach. The slip boundary conditions cannot model the drag of the different fluid layers due to the 
fluid-solid interactions. Therefore, we proposed the correction of the classical fluid mechanics for the 
fluid slip by means of the hybrid continuum-molecular modeling. We put the bases of this new approach, 
which deals with the fluid as a continuous liquid matter that undergoes various forms of interactions 
with the solid surface. These interactions exceed the fluid boundary and significantly alter the fluid’s 
viscosity. The implementation of the hybrid continuum-molecular modeling for water flow in nanotubes 
indicated an efficient approach that can model the slip flow of various fluid systems.  
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